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Two-Group neutron transport theory is applied to critical problems in plane and spherical geo-
metry. The neutron flux and the density transform for plane and spherical geometry respectively 
are expanded into singular eigenfunctions of the transport equation. With aid of the theory of 
singular integral equations the problem is reduced to one Fredholm integral equation for the ex-
pansion coefficients. The critical equations are presented as additional conditions. 

1. Introduction 
Exact solutions of multigroup transport theory 

are of interest for comparison with results of ap-
proximative methods. For this purpose a two-group 
transport theory of critical slabs and spheres ad-
equate for numerical computations is presented in 
the present paper. 

The two-group neutron transport theory in plane 
geometry has been discussed by ZELAZNY and 
KUSZELL 1 , who generalized the monoenergetic nor-
mal mode expansion technique to two groups of 
energy. These authors have reduced the problem of 
infinite critical slabs without reflector to a system 
of coupled Fredholm integral equations with addi-
tional conditions of solubility. Unfortunately this 
procedure is not convenient for numerical compu-
tations. The general scheme of two-group transport 
theory has been developed by S L E W E R T and SHIEH 2 , 

who succeeded in giving explicitly Green's function 
for infinite homogeneous media. The monoenergetic 
theory of a bare critical sphere has been discussed 
b y MITSIS 3 . 

In Sect. 2 of the present paper, eigenvalues and 
eigenfunctions of the two-group transport equation 
in plane geometry for isotropic scattering will be 
presented. The integral transformation of the Boltz-
mann equation for spherical geometry generating 
a transport equation, which is formally identical 
with the one in plane geometry, will be given in Sec-
tion 3. In Sect. 4, the theory of MUSKHELISHVILI 4 

will be applied to the expansion of the neutron flux 
and the density transform into eigenfunctions for 
plane and spherical geometry, respectively. A Fred-
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holm integral equation for the expansion coefficients 
and a critical equation will be given. 

2. Transport Equation in Plane Geometry 
and Eigenfunctions 

The one-dimensional transport equation for two 
energy groups of neutrons in a homogeneous me-
dium with isotropic scattering is 

JU ^ V (x, p) + I ¥ (X, ju) = C f ¥ (x, / / ) du' (1) 

with the two-component differential neutron flux 

the total cross-section matrix L = (Q ^ ) > 0 > 1 > 

and the transfer matrix c = 
\C21 C 22 

From the separation ansatz introduced by CASE 5 

= F(r j , f i ) (2) 

we are led to the following sets of singular eigen-
functions. In the continuous range of eigenvalues 
rjG [ — 1, 1] we find two linearly independent sets 
of eigenfunctions: 

/ ~c12d(r] o-/u) \ 
F ^ ( v , u ) = ( ) ( L ( ) } , (3) 

\y—p / 

F 2 ( 1 W ) ( 4 ) 
\ -c2ld{r]-fi) ! 

In the range [ — 1, — i / o ] or [ i / o , 1] we ob-
tain one set of eigenfunctions 
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FW (V, p) = ( t](c2S+rj cL(tj a)) 
rj-fi 

with L(n) = In j 

+8(V-/u) PQ(rj) 

c = det C . 

(5 ) 

P Q ( r j ) denotes the principal value of the function 

O M - l ( 6 ) 

- 1 - 1 

i f v~z ) ( f y-zo 
+ z<c[ 

1 - 1 

The set of discrete eigenvalues — 1 , 1 ] is 
given by the roots of the dispersion equation 

0 ( ± V s ) = 0 , ( 7 ) 

which have been studied by S L E W E R T and S H I E H 2 . 

There exist either one or two pairs ± rjs, which may 
be real or imaginary. The corresponding eigenfunc-
tions are 

The completeness of the preceding sets of eigen-
functions for the range jue [0, 1] corresponding to 
the range rje [0, 1] has been proved by BARAN 6 

a n d i n d e p e n d e n t l y b y METCALF a n d ZWEIFEL 7 . 

3. Transport Equation in Spherical Geometry 

Since a complete set of eigenfunctions is not yet 
known for the differential transport equation in 
spherical geometry, we start from the integral two-
group transport equation for a critical sphere of 
radius R: 

Q i ( r ) = h f f f e x p { ^ r 0 i } QM d r ' ' (9) 

c2JC+lLO) 
r]so + f* 

(8) 
»?8 

r'<R 

which can be transformed to 

rQdr) = f Ex (o{ | r — / j) IcijQj(r) dr' (10) 
-R j 

with Qi( -r) =Qi(r). 

With aid of the well-known representation of the 
exponential integral 

Ei(x)=f(e-*l«/Ju) dju 
o 

we are led to the following integral transform of the neutron density Qi(r) : 

= ^ j exp 
-R 

R 

i(r, -fi) = ~ j exp 

Qi(r-t) 
ft 

Qj(t-r) 

i" 

2 cij Qj(t) t df 

2 CijQj(t) tdt 

for /< > 0 , (11) 

analogously to MITSIS 3 . The inverse transformation 

r p ( r ) = / ¥ ( , - , / / ) d / / . (12) 
- l 

By differentiation of (11 ) with respect to r we ob-
tain 

m4z * (r,p) + 2 * (r, v ) = C f v ( r , / O d / f (13) dr - i 

which is formally identical with the transport equa-
tion (1) in plane geometry. From the integral trans-
form of the neutron density ( 1 1 ) , 

^ ( r , y a ) = - ^ ( - r , (14) 

is obtained. 

4. Solution of Transport Equations 
for Critical Slabs and Spheres 

Boundary conditions for critical slabs and spheres 
are 

* { z , / i ) = ± } ¥ ( - x , - / i ) , ( 1 5 ) 

= 0 for j u > 0 , (16) 

respectively. The upper sign holds for plane geo-
metry, the lower one for spherical geometry. Con-
dition (15) leads to the expansion 

6 W . BARAN, Nukleonik 1 1 , 1 0 [1968]. 
7 D . R . M E T C A L F a n d P . F . ZWEIFEL , N u c l . S e i . E n g . 3 3 , 3 0 7 

[ 1 9 6 8 ] . 



¥ (*, fjL) = A0[e-*l*F(ri0,p) ± e ^ F ( -Vo,ju)+A1 F ( V l , / / ) 

± F ( - / / ) ) + P / 0(17) ( e ^ F / 1 ) (*?,/*) ±e*lv -rj, ju)) drj 
IIa 0 

+ Pfß(r})(e-xliF2W(rj,]u) ±e* / * F . W ( - 7 ? , ^ ) ) d/? 
l 
I/o 

+ P f e{r]) (e~xl>> FW (r;, ju) ± e*/* F(2) ( - rj, ju)) dr]] . ( 1 7 ) 

The contribution , . T . . . . . 
— *?<)> exists. Inserting condition (16 ) into the ex-

A, (e '''»F^u/i) ± ^ > F ( - i ? 1 , / z ) ) pangion ( 1 ? ) resuhs in the following s y s t e m of cou. 

vanishes, if only one pair of discrete eigenvalues, pled singular integral equations: 

g(/u) = Te-xii'Fi-rj^/u) - eR^ F( - Vo, ju) 

- A t ( ± e-*/»>F(-VltJU)+ F(-Vo,<u)) 
I/o 

= P f a(rj) (eRli F ^ (rj, p) ± e~R^ F ^ 1 ) ( - rj, ju)) dr] ( 1 8 ) 

o 
1 la 

+ Pfß(v) (eRlv F 2 ( 1 ) {ri, fj) ± e-*Ii F2W ( _ rj, ju)) drj 
6 

+ Pfe(rj) {eRli F™ (rj, ju) ± e ^ F& { - rj, ju)) dr] f o r / / > 0 . 
I/o 

Introducing the explicit forms of the eigenfunctions and 
(3), (4) , (5) we obtain the two components of (18 ) ^ C v A M , x , , , , , , 

92(m)=cPJ ---Zp dr] + 0(l/o-[x)A([i) f M 

9i M = - A Wo) + c P f l ^ 1 dV I 
0 - 4 - f e-^RlvA(rj)V „ , 0 ( 1 9 ) ±J 

I/o o 
, fs<J*fo) D, , , , r e-2Rlv B(rj) rj , 1 

+ " ^ B ^ o ) ± e j d V + p r/ Uirj) D(rj) _ 
o J y—/u ' 

(20) 

r/-(x 

+ 6(ju-l/o)D(ju) PQ(fi) 

I/o 

9< 
1 

1la 1la + f e-Wiftiy) V D(V) d? 

"" J V+f* ^ 
Ha 

with the abbreviations 

A(V) =a(rj) eRl", B(t]) = ß(V) eRli, D(V) = e(rj) eR'i, Q J 0 f o r z < 0 , 

/ x ( ? y ) = cn + rjcL(r]), f2(rj) = c22 + rj cL(rj o ) , ( l f o r x > 0 . 

After solving equation (19) for A(/u) and inserting into ( 2 0 ) , some cancellations, and application of the 
Poincare-Bertrand-formula 4 we obtain 

hW mgtM t f . e a / . - / . ) h(fi) + - p j ' ^ ä i c12 c1 2 j rj ii 
0 

± T - f ^ Ä - f ^ i n - ' / v r w ( 2 2 ) 
ci2 J Vir- o o 

, ^ W + Ü ' W W ( u ) Q+M-Q-M p f y W{fj) , 
2 ^ 2 7i i /x ./ rj — n ' 

0 



w ith W(fi) = C B(ju) 0 ( 1 /o-ju) + D(jli) &(ju — I/o) 
c12 

k(j*,t,) EE ' ^ ± - In 

± - l e-^/'ln ^ 1 e-2R/)7 + E1(2R o) (e~2R^ +1) ( 2 3 ) 

± {e~2Rlfl 'u ( 2 ß " T T 1 ) ~ e _ 2 Ä / " ^ " v 1 

+ i A * - 2 ^ * ( 2 * ) + - ^ ( 2 * 1 f ? 1 ) ) • 

The solution of the singular integral Eq . ( 2 2 ) is and 
obtained according to standard procedures , with the Q± (ju) = 1 + c n ju L(jli o) + c2o fi L (jli) 
help of the definition + c /li2 L(j-l o) L(tu) - c /x2 ji2 0 ( i / o — ju) 

} ± i ( c n J l ^ 6 ( l / o - / x ) +C22nfX 

N(z) = J ( 2 4 ) + C j u 2 j i L ( v ) 0 ( 1 /o-ju) ( 2 8 ) 

where N(z) is an analytic funct ion in the plane cut W e a r e t h e r e f o r e led to the solution of the homo-
f r o m 0 to 1 along the real axis, with N(z) ~ - 1/z S e n e o u s H l l b e r t P r o b l e m 

f o r 2 - > CXD . G(Ju)^Q+(/i)/Q-(Ju)=X+(1u)/X-(Ju), (29) 

Application of Plemelj 's formulae to ( 2 4 ) yields o n e solution of which, obeying the Holder condit ion 
at the endpoints 0 , 1 is 

N+(>u) +N-GK) = j- P f \WJV) dV ( 2 5 ) 1 I 1 f I n G Q i ) , 1 

and 0 

y y + ( u ) —N~(ju) = ii W(u) (26) where 2 M is the number of the discrete eigenvalues. 
F r o m this solution we obtain 

f r o m which X+(fx)N+(ix)-X-(ix)N-(ix)=y(fx)ti(fx) ( 3 1 ) 
Q + ( / x ) N + ( / x ) - Q-(ju)N-(ju)=juh'(/u) ( 2 7 ) w i t h y (ju) = ju (X~(/*)\Q~(ju)) , ( 3 2 ) 

. , f r o m which 
with 1 

1 AT( \ 1 f YW h '( /") 1 /oo\ 
h'(tu) = h(ju) - c f V W ( V ) k(tLi,V) dr? ^ W - 2 xiXiz) J [1-z d<" * <33) 

0 Ö 

F r o m the behaviour of N(z) f o r z—>~oc and the Laurent expansion 
l l l 

j r J t ^ K M d / l = _ i f y ( / 0 h>{u) d / 4 _ i f ^ y ( u ) h>(iU) d i i - . . . ( 3 4 ) 

0 0 Ö 
1 

we find fju* y(ju) h'(ju) d ^ = 0 f o r i = 0 , 1 , . . . , M- 1 ( 3 5 ) 
o 

since X(z) ~ \jzM f o r z — 0 0 . ( 3 6 ) 

F r o m ( 2 6 ) and ( 3 3 ) we find the fo l lowing Fredholm integral equation of the second k ind : 

* -<*> + 2 - t r d i m i * W M ( ß + w - ^ w - r 
0 0 

_ 1 (/n+f..\ , n-t..WLr..\ D / ' Y(v) A f t ) 

dt] 

2 Q+{fx) Q-(/u) ( a * M + f l - W ) i W - P f i n ) ( 3 7 ) 
Ö 



with conditions following from (35) 
l l l 

/ f^y (/") h(fi) d/i = cfju*y(p) f y W(rj) k(/x,rj) drj. ( 3 8 ) 
o o o 

Some integrations can be performed by the use of the following X-function identities: 
l 

* ( - / / ) = exp { - / - — • { - On G(rj)) In (rj + fi) drj } , (39) 
o 

Q u J ) = ' (40) 
X(-ju) TI (rjs2-/u2) Q(oo) 

s=0 

the proofs of which parallel closely those in the monoenergetic theory ( 3 ) . 
From (38) we get 

l i l 
cfy(iu) d/xfrj W(r,) k(/x,rj) drj-f h0(ju) y(/x) d/x 

A i = j > 0 _ o ( 4 1 1 

f K (/x) y (a) d^i 
0 

with 

hj(ju) = bj(jLi) + a 0 ( 1 / o - j u ) ft(ju) ( 4 2 ) 
c12 

1la I / o 
C O p r rj aj (rj a) ± c a j' rj aj(r) o) e~*Rh , 
c i2 J y—f* c i2 J v+.u 

0 0 

and the critical equation for the radius R 
l l i i 

f h 0 ( / x ) / x y ( / x ) dfx +Aifh1(ju) jtiy(ju) d[x = c f /xy(^) dju f rj W(rj) k(/.i,rj) drj f o r M = 2 , ( 4 3 ) 
0 0 0 0 

where the following abbreviations have been introduced: 

, s = | [2 c12 rjj!(/.i2 — rjj2 o2) ] ( /zsin(R/rjj) -rj} o cos (R/rj , ) ) for slabs, 
1 ' \ [2 c12rjj/(ju2-rjj2 o2)] (rjjO sm(R/rjj) + jucos(R/rjj)) for spheres. 

[2 rjj/(ju2— r]j2)] (ju sin(R/rjj) - rjj cos(R/r]j)) (c22-rjj arctan[2 rjj o/(rj? o2—1)]) for slabs, 
[2 rjj/(ju2— rjj2)] (rjj sin(R/r]j) + ju cos(R/rjj)) for spheres, 

(45) For M = 1 we find A1 = 0, and the critical equation 
l l l 

J'h(ju) y(ju) dju = cf y(ju) d ju f rj W(rj)k(^i,rj) drj. ( 4 6 ) 
0 0 0 

bj(fx) = 


