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Two-Group neutron transport theory is applied to critical problems in plane and spherical geo-
metry. The neutron flux and the density transform for plane and spherical geometry respectively
are expanded into singular eigenfunctions of the transport equation. With aid of the theory of
singular integral equations the problem is reduced to one Fredholm integral equation for the ex-
pansion coefficients. The critical equations are presented as additional conditions.

1. Introduction

Exact solutions of multigroup transport theory
are of interest for comparison with results of ap-
proximative methods. For this purpose a two-group
transport theory of critical slabs and spheres ad-
equate for numerical computations is presented in
the present paper.

The two-group neutron transport theory in plane
geometry has been discussed by ZeLAzNY and
KuszeLL !, who generalized the monoenergetic nor-
mal mode expansion technique to two groups of
energy. These authors have reduced the problem of
infinite critical slabs without reflector to a system
of coupled Fredholm integral equations with addi-
tional conditions of solubility. Unfortunately this
procedure is not convenient for numerical compu-
tations. The general scheme of two-group transport
theory has been developed by SIEWERT and SHIEH 2,
who succeeded in giving explicitly Green’s function
for infinite homogeneous media. The monoenergetic
theory of a bare critical sphere has been discussed
by Mrtsis 3.

In Sect. 2 of the present paper, eigenvalues and
eigenfunctions of the two-group transport equation
in plane geometry for isotropic scattering will be
presented. The integral transformation of the Boltz-
mann equation for spherical geometry generating
a transport equation, which is formally identical
with the one in plane geometry, will be given in Sec-
tion 3. In Sect. 4, the theory of MUSKHELISHVILI 4
will be applied to the expansion of the neutron flux
and the density transform into eigenfunctions for
plane and spherical geometry, respectively. A Fred-
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holm integral equation for the expansion coefficients
and a critical equation will be given.

2. Transport Equation in Plane Geometry
and Eigenfunctions

The one-dimensional transport equation for two
energy groups of neutrons in a homogeneous me-
dium with isotropic scattering is

1
/L—aa;‘l’(x,,lt) + 2% (2, u) =C_{‘I’(x,,u’) a (1)

with the two-component differential neutron flux

’#1(1, #)
Wle ) = (w(x,m )

" . - o 0
the total cross-section matrix > = (0 1 ) ,0>1,

C- (Cn C12 ) .
Ca1 Ca2
From the separation ansatz introduced by CASE®
¥ (x, ) =e M F (y, ) (2)

we are led to the following sets of singular eigen-
functions. In the continuous range of eigenvalues
n€ [—1,1] we find two linearly independent sets
of eigenfunctions:

and the transfer matrix

a —cpd(no—p)
F, (1, ) = %4-5(77—#)(01&?7613(77 0) ) (3)
cn
F,™ (y, 1) z(no_/; +0(mo—p)(entncLin 6)))_ (4)
_0215(77“,“) /

In the range ne [—1, —1/0] or [1/o,1] we ob-
tain one set of eigenfunctions
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F® (y, ) = iy (5)
. =1 _
w1thL(77)=ln“H_l , c=detC.

P Q(n) denotes the principal value of the function
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d d
a0 -lse [ a2 ©
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dny dn >
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The set of discrete eigenvalues *# ¢ [ —1,1] is
given by the roots of the dispersion equation

Q(£9,) =0, (7)

which have been studied by SIEWERT and SHIEH 2.
There exist either one or two pairs * 7, which may
be real or imaginary. The corresponding eigenfunc-
tions are

Ci2ls

Nso+ @
c22+7s ¢ L (95 0)

Nso+ @

F(tns,u) = (8)

S

1371

The completeness of the preceding sets of eigen-
functions for the range x€ [0, 1] corresponding to
the range € [0, 1] has been proved by BARAN €
and independently by METCALF and ZWEIFEL 7.

3. Transport Equation in Spherical Geometry

Since a complete set of eigenfunctions is not yet
known for the differential transport equation in
spherical geometry, we start from the integral two-
group transport equation for a critical sphere of
radius R:

oi(r) =5 [i et |—ri_': '];,i,?i},

which can be transformed to

7_Zc,-]- Qj(l',) dr,, (9)

R
roi(r) = £E1(oi]r—r'!) 2cijoi(r') dr’  (10)
= i
with oi(—r) =0i(r).

With aid of the well-known representation of the
exponential integral

1
E (z) = Of (e7=lk/u) du

we are led to the following integral transform of the neutron density ;(r):

,
=L | _ wr—o
wilnp) =3 f exp | pe

“R
R

i, — i) = Lf exp | — 01D

yl 9 ILL = u pl /l

r

analogously to Mrtsis 3. The inverse transformation
is 1
rp(r)=f1"§’(r,lu)d,u. (12)
By differentiation of (11) with respect to r we ob-
tain

1
”%T (o) + 2% (r, ) =C [y (r, 1) A, (13)

which is formally identical with the transport equa-
tion (1) in plane geometry. From the integral trans-
form of the neutron density (11),

W (r,u) = —¥(=r, —p) (14)

is obtained.

Z Cij Q]'(t) tdt
] (11)

for wu>0,

}Zcu 0;(t) tdt
]

4. Solution of Transport Equations
for Critical Slabs and Spheres

Boundary conditions for critical slabs and spheres
are

¥ (z,u) =¥ (-2, —u)),
‘P(_Rnu) =0

(15)

for >0, (16)

respectively. The upper sign holds for plane geo-
metry, the lower one for spherical geometry. Con-
dition (15) leads to the expansion

6 W. BaraN, Nukleonik 11, 10 [1968].
7 D. R. METCALF and P. F. ZwEerrer, Nucl. Sci. Eng. 33, 307
[1968]."
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W (z, u) = Agle™*m F (ny, p) "/’“F( — 79, 1) + Ay (e7=/" F (3, u)
+ el'/'h F( — 1 lu)) _|_Pf 77) (e_I/'i F 1) (77, Iu,) + 61/77 Fl(l) ( -1, Iu)) dn
+Pfﬂ(n)(e"/” F,®» (7],,“) e/ Fo (=9, 1)) dy

+Plf6(n) (e F® (n, u) £ e F® (-, u)) dy] . (17)

The contribution T . . ez .
i, F + ot F ) * 7y, exists. Inserting condition (16) into the ex-
4y (e (1, ) £ (=71, 1) pansion (17) results in the following system of cou-

vanishes, if only one pair of discrete eigenvalues, pled singular integral equations:

Il

Fe R F(—nqy,pu) —elnF(—ny, p)
—A1(ie—R/mF(_7l‘1a /u) +eR/mF(—770’ /‘))

1/o
=P [a(n) (¥ F,® (n, p) Le R F,® (-, u)) dy (18)
0

g(u

1/o
+P [ B(n) (R Fy® (n, u) L e Rin FyW (—, u)) dy
0

1
+P [ e(n) (R F® (n, u) L e R F@ (—n, 1)) dy for ©>0.
1/o

Introducing the explicit forms of the eigenfunctions and
(3), (4), (5) we obtain the two components of (18) Ve

" galp) =P [ B0 dn+ O Qa1 A (9

e
0 (19) "—'f Nt - dn - 0(1/o — p) ey B(u)
f2(ulo) + " e=2Rn B 1 (20)
+ 1049 B ufo) —Cef e Ly wp [1HO DO,
1/o
1 1
o 120y [ R0 g, +0(u=1/0) D(1) P21
) mo—u notu e~2Rln f,(n) 7 D ()
1/o 1/o i—[ 1+ d
with the abbreviations
A(n) = a(n) e, B(n) =B(n) efn, D(n) = e(y) &, 6 (z) — {O for z<O, (21
fi(m) = ey +ncL(n), fa(n) = can+ncL(no), 1 for x2>0.

After solving equation (19) for 4(u) and inserting into (20), some cancellations, and application of the

Poincaré-Bertrand-formula ¢ we obtain
1/o

h(w) = go(w) + 20 O fo— ) fy () + wpfngltn D gy

1/o
+ €0 [(mgi(no) e2Rm .
4 €0 [ 2009 400 Fn W n) k() d (22)

Q* 0 Qt(u) — Q2 14
" (/{)er (») W (1) + (;;)niﬁ*(u) [77 (77)d
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with W) = i;B(,u) O(1)o—u) +D(r) O(u—1/0)
and {,uln/“j—*—1 —nlnnG—H} £
k(u,n) = ~e 10+ B 2Ry [ £92
' (n—n) ’7+ uo |
M g—2Rjg )y 1°+1 i s
4 yu © 1 1n - e & 77+H f,,(;y)+El(2Ro)(e m+1) (23)
+ <2 (2Rl E, (2R ’“’“) —e Ry (2R 0F1))
n—u u n
L (,—2R/u < i "+1) —2R/ ( ZZE:l))
e (e wEy (2REZEL) 2Ry B, (2R 1S).
The solution of the singular integral Eq. (22) is and
obtained according to standard procedures, with the Q% (u) =1+ ¢, u L(10) +cpo 1t L (1)
help of the definition +cu®L(uo) L(n) —cu?a?@(1/o—
1 Ti(eyauO)o—u) +espmp
1 L4 =
N = 5os / 170 gy, (24) veu2aLu) O(1)o— w) (28)
0

n—

where N (z) is an analytic function in the plane cut
from 0 to 1 along the real axis, with N(z) ~ —1/z
for z— .

Application of Plemelj’s formulae to (24) yields
N () + N () =, P [T an (25)
and
N* ()
from which
QF (1) N*(u)

—N(u) =W (), (26)

— 2 (u) N~ () =p k' () (27)
with

il
B (p) = h(w) —cofn W (n) k(u,n) dy

+eu?al(uo)).

We are therefore led to the solution of the homo-
geneous Hilbert problem

Cu) = Q () /2 () = X* (1) [X~ (1), (29)

one solution of which, obeying the Holder condition
at the endpomts 0,1is

InG
X(2) = oo exp{“lj "W aub, (30)

where 2 M is the number of the discrete eigenvalues.
From this solution we obtain

From the behaviour of N(z) for z— o« and the Laurent expansion

1

[ E gy,
5 m—=

1
we find Ofﬂ‘r(u) B (u) du=0

since X(z) ~1/z" for z— .

X*(u) N*(p) — X (@) N~ () =y () B’ (1) (31)
with y() = n (X~ () /2 (W), (32)

from which
N(Z) 271X(z) /y(ﬂ)h(/‘)d (33)

1 l_
b K d [ o) B ) du— (34)

0 0

for i=0,1,...,M -1 (35)
(36)

From (26) and (33) we find the following Fredholm integral equation of the second kind:

1
V() + s e b[ WO [ ) (2% () + 2 () —

1

= o o (@ (@) +2 () hiw) -

LWw=-2w p [k(n 1) 700)._ g, o a
ﬂiy(/z)
Q(w) =2 (W P/ 7 () h(n) d ) (37)
aiy(w n—u
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with conditions following from (35)
1 1 1
0f/«t' 7 () h(p) du=cf iy () du g W (n) k(s m) dp. (38)

Some integrations can be performed by the use of the following X-function identities:
1

X(—p) =exp{—— b/'

X@ 1
) . w>0, (40)

S— , )
X(—/t)s[lo(ns’—/ﬁ) ()

1 -Ad,
271 dy

(In G (1)) In(y + ) dy }, (39)

the proofs of which parallel closely those in the monoenergetic theory (3).
From (38) we get

1 q 1
cofy(u) duofn W (n) k(u,m) dﬂ_dfho(l‘) 7 (u) du

- — (41)
Of hy (1) 7 (1) du
with
hi() = by(0) + 1P 0 O (1fo — ) f, (1) (42)
1/o 1/o
co p (majmo) ;.  co [ naj(no)e 2kn
o Cy2 Pé n—um dn_ Cmd/ n+u

and the critical equation for the radius R
1 1 1 1
!h()(#) wy(u) du +A10fh1(,u) wy () d,u:cof wy () d,uofn W(n) k(u,n) dy for M =2, (43)

where the following abbreviations have been introduced:
[2 ciomj/ (12 —n2 02)] (usin(R/n;) —n;0cos(R/y;))  for slabs,

a(u) = { [2 e1o s/ (4® —nf? 0®) ] (3 0 sin(R[n;) + pcos(R[y;))  for spheres. .
bj(u) = { [27;/ (#* —n;?) ] (usin(R/y;) —7;cos(R[n;)) (caa — njarctan[2 n; 0/ (n;? 0*—1)]) for slabs,
M= 2/ (w2 =) (nsin(R/n;) + e cos(R/n;)) o

For M =1 we find 4; =0, and the critical equation (45)

1 1 1
({'h(/t) 7 (1) d,“=00f 7 (1) dﬂof n W (n)k(u,n) dy. (46)



